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Nearest Neighbor Search

Given a metric space M = (X', d), a point set P C ' of size n, a query input
g € X2, findp € P such that

d(p,q) = mind(x, q)

xeP



Nearest Neighbor Search

— @ F22 fighter jet @ \OJD

LON + + art
atchy (tovi, high),

SEBUNAS 1:100 Scale F-22 Raptor Inbut Code ¥
Quick Build Model Kit for Kids and s =. P il )
Adults, Easy Assembly Fighter J... . 3 B/ "
Plastic (P) Code Database ..~
4.5 %A (516) . o Q— & ‘
100+ bought in past month def binary_search(arr, low, high, x):  Vdef linear_scan(dataset, target):
arr = low ++ att i for item in dataset:
$1899 return matchr(low, high), ... : if 1tet€ == %arget:
§ return True ...
on 2 select item(s) g &3 7
v prime Tomorrow 000 [ ) o0 .h : ; )
. even_squares = [xk*2 i | def handle_request(req):
FREE delivery Tomorrow, Mar 24 for x in my_list if x %2 = 0] if req-type = 'GET':
elif';‘éq.type == 'POST': ...
E]7 Add to cart
(e0e ) - (e0e
import pandas as pd; i | class NetworkNode:
df = pd.read_csv( 'data.csv'); : def __init__(self, ip):
Sponsored self.ip = ip;
BEZGAR RC Plane | MiniDrone, J i\
Remote Control Airplane for — - ——
Adults & Kids, 360° Flip Fighter... def binary_search(arr, low, high, x): cla(sjstetworI;Noc(ie:lf ;
def find(id): ef __init__(self, ip):
4.3 kAo (194) e self. 1p = ip;
I 100+ bought in past month o, return recursive(low, high), ...
. —
$4.999 L J
Listening for music on 2 select item(s)
i ’i)]fln:;,j;'dm e vprime Overnight d(p*’ q) < g distances d(p*, q) > €
FREE delivery Overnight 7 AM - corjiRare
1AM ‘ |
Arrives before Easter - 3
Featured by Amazon influencers A
ol Add to cart Clone Original
\_ J

> Listen to a music snippet > E-commerce item > (GenAl) Code clone and
and guess the song recommendation plagiarism detection



Nearest Neighbor Search

- (Goal: fast query time and small storage for the database

® Works in low-dimension, e.g. KD tree

@ Curse of dimensionality: all known algorithms degrade rapidly with d

m_

Full Indexing O(d log n) n 9 (Voronoi diagram)

Without Indexing
(Linear Scan) Odn) O(dn)



Approximate Nearest Neighbor Search

Given a metric space M = (X', d), a point set P C ' of size n, a query input
g € X2, findp € P such that

d(p,q) < c-mind(x, q)

xeP

Vast literature:

» Milder dependence on dimension
[Arya-Mount ’93], [Clarkson '94], [Arya-Mount-Netanyahu-Silverman-We ’98], [Kleinberg ’97], [Har-Peled ’02], ...

» Little to no dependence on dimension

- Dimension reduction: [Kushilevitz-Ostrovsky-Rabani ’98], [Ailon-Chazelle '06]

. A
* LSH: [Indyk-Motwani 98], [Gionis-Indyk-Motwani ’99], [Charikar ’02], [Datar-lmmorlica-Indyk-Mirrokni '04],
 [Andoni-Indyk "06], ... |

- Navigable graph: [Laarhoven 18], [Prokhorenkova-Shekhovtsov '20], [Indyk-Xu ’23], [Musco-Silwal-Xu ’25], ...



Locality Sensitive Hashing

Given a point set P in a metric space (', d), LSH maps each point into a bucket

1. Close points are likely in the same bucket o

2. Far points are likely in different buckets




Locality Sensitive Hashing

Given a point set P in a metric space (', d), LSH maps each point into a bucket
1. Close points are likely in the same bucket

@

2. Far points are likely in different buckets

» LSH Is essentially a space partition scheme



Locality Sensitive Hashing

Given a point set P in a metric space (', d), LSH maps each point into a bucket
1. Close points are likely in the same bucket

@

2. Far points are likely in different buckets

* LSH is essentially a random space partition scheme




Locality Sensitive Hashing

Given a point set P in a metric space (', d), LSH maps each point into a bucket
1. Close points are likely in the same bucket

@

2. Far points are likely in different buckets

* LSH is essentially a random space partition scheme

» Repetition of hashing helps

<~ We are looking for a locality sensitive hash family



Locality Sensitive Hashing

Given a metric space (X', d), let U be a countable setand H : & — U be a family
of functions. We say H is a (r, cr, p, p,)-sensitive family, where r > 0, ¢ > 1,

0 <p, <p; <1,suchthatforanyx,y € X
1.1fd(x,y) <r, Pr [h(x) = h(y)] = p,
h~H

2. Ifd(x,y) > cr, hPr [h(x) = h(y)] < p,
~H

/” LSH is a good candidate to solve ANNS

Supposep; = 1, p, = 0



Locality Sensitive Hashing

Given a metric space (X', d), let U be a countable setand H : & — U be a family
of functions. We say H is a (7, cr, p,, p,)-sensitive family, where r > 0, ¢ > 1,

0 <p, <p; <1,suchthatforanyx,y € X

1. 0fd(x,y) <, hPl‘ [7(x) = h(y)] 2 py
~H

2. Ifd(x,y) > cr, hPr [h(x) = h(y)] < p,
~H

&, How many hash tables do we need? Izl:l:lzl g
%, where p = log py/log p, (o | | Jee|.,
» Query time: O(d - n”), Space: O(n'*" + dn) EI:IIIII &

p is regarded as a quality measure for LSH, as a function of ¢



Locality Sensitive Hashing: Existing results

» LSH (later) finds more applications:

Bichromatic closest pair, Clustering, Kernel density estimation, Maximum inner product search...
» LSH (for today) is data-independent: only use geometry of the metric space

What metric spaces have been studied?

» Hamming space p~ l/c > Euclidean space p ~ 1/c? > Angular distance =~ 1/¢?

Random coordinate sampling Ball packing with random shift Random hyperplane rounding



Locality Sensitive Hashing: Our results

» LSH (later) finds more applications:

Bichromatic closest pair, Clustering, Kernel density estimation, Maximum inner product search...
» LSH (for today) is data-independent: only use geometry of the metric space

What metric spaces have been studied?

This talk: LSH in Hyperbolic Space

Upper bound p<1/c p <1.59/c

. ower bound p>1/c2—o(1)



Hyperbolic Geometry

Hyperbolic space H?

simply connected, negatively curved d-dimensional Riemannian manifold
“We understand new concepts by relating them to familiar ones.”

—Henri Poincaré



Hyperbolic Geometry

Hyperbolic space H?
simply connected, negatively curved d-dimensional Riemannian manifold

Hyperbolic VS Euclidean: geodesics

Euclidean Space (£?) Poincaré Disk (D?)
Live Telemetry
Point A (x, y):
[+0.850, +0.000]
Point B (x, y):
_— 8 \a [+0.700, -0.000]
O-O O-O

Euclidean Distance:
0.150

Hyperbolic Distance:
0.778

Rings show constant Hyperbolic step.
Boundary = Infinity (d - «)



Hyperbolic Geometry

Hyperbolic space H?

simply connected, negatively curved d-dimensional Riemannian manifold

Hyperbolic VS Euclidean: balls

Euclidean Ball (£?) Hyperbolic Ball in »?

Live Telemetry

Center 'C' (x, y):
[+0.800, +0.000]

Euclidean Offset:
’ 0.157
Hyperbolic Radius:

1.500 (Constant)

Apparent Euclidean:
0.308 (Shrinking)

Constant Hyperbolic Radius (Ry=1.5)



Hyperbolic Geometry

Hyperbolic space H?

simply connected, negatively curved d-dimensional Riemannian manifold

Hyperbolic VS Euclidean: volume growth, tree packing

Euclidean E? Hyperbolic D?
Polynomial Space (V ~ r?) Exponential Space (V ~ e")

g @




Hyperbolic Geometry: Motivation

Beyond the geometric interest, hyperbolic geometry gains attention in ML
» Many real-world data has hierarchical structures

» Hyperbolic embeddings represents the data better

INK’17] shows that 5-dim hyperbolic embeddings have lower distortion than 300-dim Euclidean
embeddings for WordNet dataset

[He et al. '25] shows that token frequencies in LLMs strictly follow power-law

» Hyperbolic geometry is useful for ML architecture

GNNSs, LLMs, etc.




Hyperbolic LSH

Negative signals
- A Riemannian manifold is not a vector space  Noinner product, [Shrivastava-Li] fails
* No easy regular tessellations exist for high dim  no ‘gria’, [Andoni-Indyk] fails

* Exponentlal volume grOWth Far points may be hashed into one bucket

These do not rule out one technique: random hyperplane rounding

- Uniformly at random sample a straight line [ passing through
the origin

- If x, y lies on different side of [, i(x) = 1, h(y) = 0

- Otherwise, h(x) = h(y)



Hyperbolic LSH (d = 2)

Poincare disk model

e DefinedonD ={z€C:|z| <1}

» Straight lines are circular arcs orthogonal to the unit circle

(4 Can we randomly sample these arcs to separate points?

If x,y are close, a random geodesic not likely separate them




Hyperbolic LSH (d = 2)

Poincare disk model

e DefinedonD ={z€C:|z| <1}

» Straight lines are circular arcs orthogonal to the unit circle

Can we randomly sample these arcs to separate points?

If x,y are close, a random geodesic not likely separate them
If x,y are far, a random geodesic likely separate them

But is this a ‘hallucination’ of Euclidean?




Hyperbolic LSH (d = 2)

Poincare disk model

e DefinedonD ={z€C:|z| <1}

» Straight lines are circular arcs orthogonal to the unit circle

(4 Can we randomly sample these arcs to separate points?

Here x, y look close but are actually far

The boundary of geodesics curves the same as the space

In this example, many valid separations exist



Hyperbolic LSH (d = 2)

LSH function
» Uniformly sample a random geodesic y

» Hash apointxas /,(x) € {+1, — 1} according to which side of y it lies on

' Is there something off?

1.To sample, we need a isometry-invariant measure on the set of all geodesics

We do have one, kinematic measure in hyperbolic plane

2.The space of all geodesics has infinite total measure
We use a trick, suppose the data is bounded by radius R

The analysis also relies on tools from integral geometry



Hyperbolic LSH (d = 2)

LSH function
» Let R be a radius such that P is contained in the ball B(O,R).

» Let 1, denote the normalized kinematic measure of the set of geodesics intersecting B(0,R)
» Uniformly sample a random geodesic y ~ [ip

- Hash a point x as /1,(x) € {+1, — 1} according to which side of y it lies on

By calculation

— AL :
He(Y) 27 sinh(R) Hkinematic

du(t, ) = cosh(r) dt db

Theorem 1. The family H of above function yields
p(H) < 1/c

Boundary



Hyperbolic LSH Analysis (d = 2)

Key lemma (Collision probability)

Pr[h(x) = h(y) |dy(x,y) =r] =1 -

7 sinh(R)
Together with the following lemma:
log(1 — x) 1
Forx € [0,1)and £ > 1 suchthat ] — £x > O, < —
log(l—-2¢x) ¢
We are done
_ r _ cr ~ logp,
pr=1 7 sinh(R) =1 7 sinh(R) P = log p,



Proof of Key Lemma

Open up the collision probability

o p(X)
Pr[h(x) # h(y) | dy(x,y) = r] =
u(Y)

where X is the set of all geodesics separating x, y

Y is the set of all geodesics intersecting B(0,R)

27 R
Same standard calculation, u(Y) = [ J cosh(?) dtdf = 2rxsinh R
0 Jo

Next we show pu(X) = 2r, where dy(x,y) = r

The total measure of geodesics separating 2 points is linear in their distance



Proof of Key Lemma

Analyzing a geodesic separates x, vy

 OAy is a right triangle, by hyperbolic cosine law
tanh(7) = tanh(%)cos(&’)

« X in the polar coordinate is

S0

X={t0|0€e|[—nr],0<t< arctanh(tanh(%)cos 0)}

* Deriving the Crofton Formula

2 carctan h(tanh(%)cos 0)
J cosh(?) dtdf = 2r

pU(X) = 2[

—71/2

0



Hyperbolic LSH (high-dim)

If you wonder

Why not use high-dim kinematic measure? (Sample random hyperplanes)
du(t, ) = cosh?’"!(¢) dt do

Maybe, but the algebra is very complicated

We look into dimension reduction in hyperbolic space

Can we project H? to H” with low (constant) distortion?

If yes, we combine dimension reduction with the 2d LSH



Hyperbolic Dimension Reduction

Theorem 2 (Informal)

Let k € N, k£ > 1, if there exists an («, [/)-approximate dimension reduction for
an n-dimension Euclidean point set to k-dimension Euclidean space, then there

exists an («, [/)-approximate dimension reduction for a (/7 -+ | )-dimension
nyperbolic point set to (/1 -+ | )-dimension hyperbolic space.

(a, /)-approximate

There exists a mapping f that projects the input X into ()A(, ci), such that
a-d(p,q) < d(f(p).f(p) < p-dp,p)

» Hyperbolic space also adopts a JL. lemma

[Datar-Immorica-Indyk-Mirrokni’04]
Let k = 1, if we know how to project Euclidean n-space to a line, we are good



Poincaré Half-space Model

Each point In H is (z,x) wherez € R and x € |
« xisthe (d — 1)-dim Euclidean “projection”

« 7 is the “depth” coordinate, infinity at z — 0, logarithmic space expansion

e Distance function

2 g
dH(P1,p2)=arccosh(1+ X, — %013 + (2 — 2) )

22122




Hyperbolic Dimension Reduction

Main idea: 7 is the ‘lazy’ dimension, just keep z there; Apply Euclidean dimension
reduction to x.

The idea is given by [Benjamini-Makarychev’07]

We only refined the analysis

. The result may have broader interest

With one extra dimension cost, we gain same dimension reduction In
hyperbolic space as Euclidean space



Hyperbolic LSH (high-dim)

LSH function

» Dimension reduction, H¢ — H?

Keep z, for the (d — 1)-dim Euclidean ‘subspace’, project it onto a line

* Apply the random geodesic rounding scheme In H2

Theorem 3. The family H of above function yields p(H) < 1.59/c



Hyperbolic LSH Experiments

Setup
e Dimensiond = {2,10,1000}

e RadiusR =10g199,r=0.2,c=15+k
1000 points, one hash with 1000 repetitions
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Hyperbolic LSH Experiments

boundary rho values for 2-dimension

Setup — tho

0.6 - —— 1/C

» Dimensiond = {2,10,1000}

o 0.4
3
©
>
. 0.3 -
» RadiusR =10g199,r=0.2,c=15+k% N
| | | | | | | | 01'
e 1000 t hash with 1000 tit
omnts, one nasn wi repetitions
2.5 5.0 7.5 10.0 12.5 15.0 17.5
C
rho values for 2-dimension rho values for 10-dimension rho values for 1000-dimension
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0.023 A
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3 = =
G T 0.022 A ©
0.022 - 0.027 1
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0.025 -
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2.5 5.0 7.5 10.0 12.5 15.0 17.5 2.5 5.0 7.5 10.0 12.5 15.0 17.5 2.5 5.0 7.5 10.0 12.5 15.0 17.5



Summary

* \We give data-independent LSH for hyperbolic space

* For plane, we borrow the random hyperplane rounding scheme

* For high-dim, we combine dimension reduction with an existing Euclidean LSH
A JL-type lemma exists for Hyperbolic space



Future Directions

* Close the gap, both plane and high-dim

* |f we allow data-dependent, any improvement?

 \WWe move into a new geometry (quite different from Euclidean)
 \What can be done, what cannot, or what is the cost?
e YES: JL, LSH, Quadtree [Kisfaludi-Bak and Wordragen’24], ... ?
 NO: Locality sensitive ordering, ... ?

 For ANNS, navigable graph recently gains more attention
* Build a graph native to hyperbolic space, to allow for efficient greedy routing

Thank you !



